Abstract. This paper has investigated theoretically the influence of sliding speed and temperature on the hysteretic friction in case of a smooth, reciprocating steel ball sliding on smooth rubber plate by finite element method (FEM). Generalized Maxwell-models combined with Mooney-Rivlin model have been used to describe the material behaviour of the ethylenepropylene-diene-monomer (EPDM) rubber studied. Additionally, the effect of the technique applied at the parameter identification of the material model and the number of Maxwell elements on the coefficient of friction (COF) was also investigated. Finally, the open parameter of the Greenwood-Tabor analytical model has been determined from a fit to the FE results. By fitting, as usual, the Maxwell-model to the storage modulus master curve the predicted COF, in a broad frequency range, will be underestimated even in case of 40-term Maxwell-model. To obtain more accurate numerical prediction or to provide an upper limit for the hysteretic friction, in the interesting frequency range, the Maxwell parameters should be determined, as proposed, from a fit to the measured loss factor master curve. This conclusion can be generalized for all the FE simulations where the hysteresis plays an important role.
Introduction
In the design of many mechanical engineering applications it is important to know the mechanical behaviour and tribological properties of components sliding on each other. The situation is the same if one of the sliding surfaces is made of rubber or a rubber-like material, such as sliding seals contacting with a metal or polymer surface, sliding contact between a windscreen wiper and the windscreen, or contact between a tyre and the asphalt. For the majority of sliding components applied in mechanical engineering practice, the non-lubricated operation is avoided; however, the quantity of lubricant required in maintenance free machine components is even more frequently minimized by special coatings. In the event that there is no lubricant between the rubber and the counter surface, friction is due to two physical phenomena. One of them is adhesion between the surfaces, the other one is hysteresis loss in the rubber [1] [2] [3] [4] . For instance, if the rubber slides on a rough surface which is rigid compared to the rubber, the asperities of the counter surface repeatedly deform the surface of the rubber, leading to energy loss due to the internal friction (hysteresis) of the rubber. In this case, the energy transformed into heat as a consequence of hysteresis must be continuously supplemented if the sliding speed is intended to be constant. The majority of rubbing components made of rubber and applied in machine design operate under lubrication, to separate rubbing surfaces and thereby to reduce the impact of adhesion, as well as to reduce the exciting effect of asperities by filling up the valleys with the lubricant. When lubricant is used, the lubricant itself also acts as a source of friction because force is needed for shearing of the fluid film. In general, the fluid film is extremely thin, therefore in reality boundary lubrication occurs, where the source of friction is the shearing of the fluid film and of the boundary layer. In the literature, a number of articles deal with the analytic and semi-analytic determination of friction force induced by from hysteresis. Grosch [1] perform pioneering work by revealing that the two main sources of the friction force are adhesion between the surfaces and the energy loss generated in the material, that is, hysteresis. In addition, he stated that both physical phenomena are closely connected to internal friction (hysteresis) of the rubber. Persson [2] and Klüppel and Heinrich [4] studied rubber when it is sliding on a hard, rough substrate and the surface asperities of the substrate exert oscillating forces on the rubber surface leading to energy 'dissipation' via the internal friction of the rubber. This contribution to the friction force was estimated and the results were compared with the experimental data of Grosch. Persson concluded that rubber friction on rough surfaces, in presence of lubricant, is mainly due to the viscoelastic deformations of rubber. In spite of intensive research work in the subject, so far there have been only few attempts to predict hysteretic friction by the finite element (FE) method. For instance, in [5, 6] the hysteretic friction at asperity level was studied by FE technique. When modelling rough surfaces the topography of the 'real' surface can be replaced by sine waves or their combination. In [7] the rough surface was modelled by a single sine wave, while [8] presented a study on the combination of sine waves by using the repetitive symmetry. In the latter case, the effect of the viscoelastic material model on the predicted coefficient of friction was also investigated. In addition, [8] consists of recommendations for the parameter identification of the generalized Maxwellmodels. In [9] , Felhõs et al. analysed friction force arising from hysteresis in case of a ball rolling on a rubber plate. Measurements were also modelled by FE method, where a 15-term generalized Maxwellmodel -fitted to the storage modulus master curve yielded by DMTA measurement -was used to describe viscoelastic material behaviour. His measurement results showed good agreement with the results of FE simulation. In [10] , the authors investigated the measurement configuration to be modelled in this study at three sliding speeds. The measurement was modelled by FE technique as well and it was investigated, using a 40-term generalized Maxwell-model fitted to the measured storage modulus master curve, what proportion of the friction force came from hysteresis. The coefficient of friction (COF) characterising lubricant shearing was determined by an iterative method and integrated into the FE model, using a prescribed Coulomb type coefficient of friction. In measurements belonging to the current FE study (see [10] ) the rubber/metal contact pair was lubricated. Consequently, the effect of adhesion on friction force can be neglected and thus rubber friction is, first of all, due to hysteresis at macroscopic and microscopic level, fluid shearing and boundary lubrication. This study is intended to estimate, using the FE technique, the hysteresis dissipation excited by an ideally smooth steel ball (macroscopic hysteretic friction) performing reciprocating sliding motion in the function of sliding speed and temperature by applying various Maxwell-models. In other words, the aim of FE analysis is to estimate contribution of the macroscopic hysteresis to the friction force.
Description of the FE model
The experiment is intended to determine, on the one hand, the magnitude of friction force generated by a steel ball sliding on a rubber plate, as a consequence of the internal friction of the rubber (hysteresis), at various sliding speeds and temperatures; and on the other hand, to establish how calculation results are influenced by the technique applied for parameter identification of generalized Maxwellmodels -used for the FE modelling of rubber-like materials and describing viscoelastic behaviourand by the number of the Maxwell elements. The configuration studied consists of a steel bearing ball and a rubber plate [10] where the steel ball of 2 mm diameter was pressed into an EPDM rubber plate of 10 mm×4 mm×2 mm. Then the ball was forced to perform reciprocating motion with an amplitude of A = 0.3 mm at different, sinusoidally varying speeds through six cycles. The normal force was F n = 100 mN while the maximums of the sinusoidally varying sliding speeds were v max = 0.01, 0.1, 1, 10, and 100 mm/s. The ball, pressed into the surface of the rubber and sliding thereon, generates various COFs due to the hysteresis depending on the excited volume and on the sliding speed, that is, the excitation frequency. In order to predict the friction resistance caused by hysteresis, 3D FE modes were developed in the MSC.MARC FE system [11] . In order to describe the viscoelastic behaviour of rubber, a 15-term and a 40-term generalized Maxwell-model were used, which were produced by being fitted to storage modulus master curves determined by DMTA measurements and pertaining to -50, +25 and +150°C, respectively, and, through subsequent manual modification, by being fitted to a loss factor master curve. The FE model was built in MSC.MARC finite element system. The rubber plate was modelled using incompressible (υ = 0.5) elements, whereas the steel ball was modelled as an ideally rigid component. To spare with the CPU time only half of the rubber plate was modelled using symmetry condition, so the nodes in the symmetry plane were fixed in z-direction (Figure 1 ). The bottom of the rubber plate was fixed, i.e. the nodes on this plane were constrained in x-, y-and z-direction. At first, the steel ball was pressed downwards (in negative y-direction) into the rubber plate with the force specified, that was built up linearly. Afterwards, the ball was drawn horizontally (in negative x-direction) at sinusoidally varying speed according to the measurement [10] , at an amplitude of A = 0.3 mm, through six cycles. Figure 2 shows the position of the ball as a function of time in the case of a maximum sliding speed of 1 mm/s. The excitation frequency induced by the ball performing reciprocating motion can be estimated by the Equation (1): (1) where ω is the angular frequency, and A is the amplitude of the reciprocating sliding ball. The grey band in Figures 4-9 indicates the range between the lowest and the highest frequency to be calculated from the equation above.
Viscoelastic material model
In order to be able to model the mechanical behaviour of structural components made of rubber or rubber-like material, first of all a material model is required which can describe both the static and dynamic behaviour of the material at the same time. The mechanical behaviour of rubber-like materials is principally characterized by a non-linear stressstrain curve and time and temperature dependency. In the present study, a large strain generalized Maxwell model ( Figure 3 ) was used to describe the complex material behaviour of rubber. The shorttime (instantaneous) behavior of the generalized Maxwell-model applied is specified by an energy density function (W 0 ) that is given, in our case, by a two-term Mooney-Rivlin material model. Thus our large-strain viscoelastic model shows nonlinearity between stresses and strains that, at the same time, depends on time. The instantaneous strain energy density is distributed among the branches of our spring-dashpot model by assuming that the instantaneous strain energy in the i-th Maxwell element can be calculated by Equation (2): (2) where e i is the non-dimensional energy parameter of the i-th Maxwell element and W 0 is the instantaneous strain energy defined by the Mooney-Rivlin model. The interrelation among the energy parameters can be written according to Equation (3): (3) where e ∞ is the energy parameter of the springthat determines the relaxed response of the rubberconnected parallel to the Maxwell elements and N is the number of the Maxwell branches. As it is resulted from the above expressions the second Piola-Kirchhoff stress response of the generalized Maxwell model applied, in case of uniaxial tension/compression, can be expressed by Equations (4) and (5):
where S ∞ (t) is the stress in the separate spring, S i (t) is the stress in the i-th Maxwell element or branch, S 0 (t) is the stress response of the model for instantaneous deformations and λ i is the relaxation time of the i-th Maxwell element. As it is known from continuum mechanics stresses can be calculated by differentiation of the proper strain energy density function with respect to the Green-Lagrange strains. For instance, S 0 (t) is obtained by differentiation of W 0 . For more detail on the large strain viscoelastic model applied see [11] . The DMTA measurement results of EPDM rubber in [9] were used for producing the n-term Maxwellmodel. DMTA measurements yield storage modulus vs. frequency and loss factor vs. frequency isotherms, from which a storage modulus vs. frequency and a loss factor vs. frequency master curve can be constructed at the previously selected reference temperature using the time-temperature superposition principle. These master curves show the mechanical properties of rubber in a broad frequency range at the reference temperature. The ViscoData software [12] was applied to fit 15-and 40-term generalized Maxwell-models to the storage modulus master curve produced. In order to take all the three different temperatures into account, three master curves were produced for each material model, and the material models were fitted to them separately. The reason why the authors used three different material model at the three different temperatures (T = -50, 25 and 150°C) is that the WLF equation with universal constants (C 1 = 17.4, C 2 = 51.6°C) provided inaccurate material behavior at temperatures significantly larger than the glass transition temperature (T g ≈ -45°C). The WLF equation was able to describe the temperature dependency of the material behavior when the temperature is close to T g . At temperatures far away T g (eg. at T = 25°C) WLF overestimated considerably the horizontal shift needed. Instead of making attempt to find proper C 1 , C 2 constants for the WLF equation three different master curves were created at the three different temperatures studied. The magnitude of hysteretic friction is basically determined by two factors: one of them is the magnitude of the loss factor, and the other is the excited volume. Hysteretic dissipation is determined by the joint effect of these two factors. The first factor can obviously be handled by a good correspondence between the measured loss factor vs. frequency curve and the one used in modelling; while the second factor is determined by the storage modulus, that is, how rigid the material is and how deeply the rigid counter surface can penetrate into it, meaning the volume forced to deform. It is intended to produce a viscoelastic model which closely approaches both the storage modulus vs. frequency and the loss factor vs. frequency curves measured. In case of the 15-term generalized Maxwell-model it can be observed that there is good correspondence between the measurement and the fitted models as regards the storage modulus (Figure 4 ), but the loss factor produces large oscillation (Figure 6) . By increasing the number of Maxwell elements to 40, the fluctuation becomes smaller; however, even in this case, the model strongly underestimates the value of the loss factor within a broad frequency range (Figure 7 ). It can be stated that the 15-term generalized Maxwell-model cannot describe, with adequate accuracy, either the nature of the loss factor or its numerical value. The generalized Maxwell-model fitted to a 40-term storage modulus already properly represents the loss factor vs. frequency curve determined from the measurement in terms of quality -and also in terms of quantity at most frequencies -but it still cannot provide an adequate numerical solution in case of certain frequencies. It can be further stated that following adjustment of the material model it is not sufficient to be satisfied with a good correspondence between the storage modulus curves of the measured and fitted material models, but it is necessary to check the loss factor vs. frequency curve as well. No reliable hysteretic dissipation can be calculated by the FE technique unless the material model can properly represent both the storage modulus and loss factor master curves determined by measurement. In order to model the measured material behaviour more accurately, a 40-term Maxwell-model was produced by manual modification [8] , fitted to the loss factor. Figure 8 and Figure 9 show, at three different temperatures, the measured storage modulus vs. frequency and loss factor vs. frequency curves of the 40-term generalized Maxwell-model and those fitted to the loss factor. In the course of adjustment to the loss factor, correspondence with the storage modulus curve will not be as good as in the case of adjusting the material model to the measured storage modulus master curve. The parameters of the material model can be considered as optimal when the model can describe, with acceptable accuracy, both master curves (E′, tanδ) determined by measurement. Figure 9 shows that as a result of manual modification, the material model can describe the measured tanδ curve with acceptable accuracy. Furthermore, it can be stated in the case of all the three Maxwell-models that the material models cannot describe the storage modulus and the loss factor master curves with constant accuracy within the entire frequency range, therefore care must be taken at what excitation frequency and at what temperature the material model is used.
Non-linear material model
In the FE model, the non-linear stress-strain curve of rubber was defined by the frequently applied Mooney-Rivlin material law with two parameters. The two Mooney-Rivlin parameters were defined on the basis of [11] , using the Equations (6) and (7):
where E 0 is the glassy modulus. The two parameters used for the calculations were C 10 = 289.33 MPa and C 01 = 72.33 MPa in case of the 15-and 40-term generalized Maxwell-models fitted to the storage modulus; their value was C 10 = 406.66 MPa and C 01 = 101.66 MPa, respectively, in case of the generalized Maxwell-model fitted to the loss factor. The non-dimensional energy parameters (e i ) of the Maxwell model fitted to the loss factor (tanδ) master curve were obtained by manual modification from the energy parameters of the Maxwell model fitted to the storage modulus master curve. Due to this modification the sum of the energy parameters of the Maxwell elements ( ) has been changed. Consequently, if we used the same glassy Mooney parameters in both cases, we would obtain an accurate relaxed modulus at the Maxwell model fitted to E′ while, at the Maxwell model fitted to tanδ, the relaxed modulus would be considerably underestimated in the interesting frequency range. To minimize this underestimation i.e. to approach E′ the real values, the glassy Mooney parameters have been changed. Thus we obtain higher glassy modulus than the measured one but the agreement, within the interesting fre- quency range, between the modeled and measured E′ values will be better than in the case of same Mooney parameters. In our case, the change in at -50°C was smaller than at 25 and 150°C as it can be seen in Figure 8 . At T = 25°C (see Figure 7) the Maxwell model fitted to the E′ master curve by ViscoData, contrary to the measurement, provides zero or very small loss factor values at low frequencies. As it can be seen in Figure 9 the new model (fitted to tanδ) created by the manual modification of Maxwell parameters provided by ViscoData shows good agreement with the measured tanδ curve. During creation of the new material model authors had to redistribute one part of the relaxation times also. Tables 1-3 show the penetration depths (h) and the radius of the contact area (a) calculated by the FE technique and the COFs induced by hysteresis (μ hysteresis ). In case of the 15-term Maxwell-model it can be observed that at -50°C, the penetration depth of the ball reduces from 9.7 to 1.78 μm as the speed increases, due to the fact that the storage modulus of the material rises as the speed increases. For similar reasons, a decrease of penetration depth by the increase of speed can be observed in case of all the material models and temperatures applied. In case of the 15-and 40-term material models fitted to the storage modulus, the value of the penetration depth is approximately the same, but in case of the 40-term material model fitted to the loss factor, penetration depth may be as much as 60% bigger at low speeds as a result of manual modification. Taking speeds into consideration, it can bee stated that the biggest penetration values can be calculated at 150°C. However, as it can be seen in Table 1 and 2, at low speeds (v = 0.01 and 0.1 mm/s) differences between the penetration values calculated at T = 25 and 150°C are within accuracy of the numerical solution. As regards COFs resulting from hysteresis, it can be stated that in case of material models fitted to the storage modulus the FE model surely underestimates hysteresis as there is a considerable difference between the loss factor curves measured and those defined by the material model. Exceptions only include the COFs provided at -50°C by the 40-term Maxwell-model adjusted to E′ (see Table 2 ). In this case, there is good correspondence between the measured and the simulated material behaviour both as regards E′ and tanδ ( Figure 5 and Table 1 . Values of the penetration depth (h), radius of the contact area (a) and the hysteretic coefficient of friction (µhysteresis) in case of 15-term Maxwell-model fitted to the measured storage modulus master curve Table 3 ). In this case, less accurate results are yielded as a consequence of the less accurate modelling of the measured storage modulus. In case of the 15-term material model, the highest hysteresis can be observed at -50°C at the first two speeds, in spite of a small penetration depth, as a result of a high loss factor. At 25 and 150°C, hysteresis increases as the speed increases, as suggested by the rising loss factor curves ( Figure 6 ). In case of the 40-term Maxwell-model fitted to the storage modulus, the highest hysteresis can be calculated at -50°C at the lowest speed (Table 2) , due to the high loss factor. In case of the other speeds, hysteresis is the highest at 25°C, increasing as the speed increases. In case of the 40-term Maxwellmodel fitted to the loss factor (see Table 3 ) the highest hysteresis can be observed at 150°C at each speed, due to a low elastic modulus and a significant loss factor. The absolutely highest hysteresis was calculated at 1 mm/s. As shown in Figure 7 , the Maxwell-model fitted to the storage modulus can only model developments in the measured loss factor very inaccurately within the frequency range indicated by grey colour. Accordingly, the results figuring in the second and third lines of Table 2 can only be considered as rough lower estimates. To the contrary, the 40-term Maxwell-model fitted to the loss factor and shown in Figure 8 and 9 models the loss factor accurately but underestimates the measured storage modulus. In case of increasing frequencies, the degree of underestimation gradually decreases. As a result of the underestimated elastic modulus, the results in Table 3 for 25 and 150°C can be considered as upper estimates as regards the COF. Based on Figure 8 and 9, it can be stated that the COF result in Table 3 , pertaining to 25°C and v max = 100 mm/s can be considered as acceptably accurate. In this case, the COF value is more than 50% higher than the COF value in the last column of the second row in Table 2 , determined using the 40-term Maxwell-model fitted to the storage modulus.
Results and discussion

FE results
Comparison of the FE results to a simple analytical model
The correlation to estimate the hysteretic coefficient of friction presented in [13] was used for interpreting FE results; this way changes in the coefficient of friction can be analyzed in quantitative terms. Greenwood and Tabor demonstrated that in case of a rigid ball sliding on rubber, the hysteretic coefficient of friction can be estimated by Equations (8) and (9):
where ν is the Poisson ratio; Ê is the equivalent elastic modulus of the contacting bodies defined by the Equation (9); p aν is the average contact pressure; and α is the number characterizing the energy dissipation resulting from hysteresis in the rubber, specifying what proportion of the work required to deform the rubber in front of the sliding ball is dissipated as a consequence of hysteresis. The authors did not publish further correlations to determine the value of α. The average contact pressure can be calculated by Equation (10): Pálfi et al. -eXPRESS Polymer Letters Vol.3, No.11 (2009) [713] [714] [715] [716] [717] [718] [719] [720] [721] [722] [723] (10) where F n is the force on the ball, and a is the radius of the contact area. To determine Ê, the complex Young modulus was determined from the storage modulus and loss factor master curves for each given frequency according to Equation (11) and it was substituted for (1 -ν 2 )/E:
If the left side of Equation (8) is replaced by the coefficients of friction calculated by the FE method (μ hysteresis ), then parameter α in the GreenwoodTabor model can be determined in the function of sliding speed and temperature. Figures 10 and 11 show the frequency dependence of factor α and of the loss factor of the rubber with reference to 40-term material models and various temperatures. It can be observed in terms of tendency that the values of α properly follow the changes in tanδ at each temperature, in the function of frequency. Greenwood and Tabor [13] made an attempt to determine α from cyclic tests having strain rate comparable to those occurring in sliding experiments. In their interpretation, the energy loss due to hysteresis was defined as α times the total elastic energy of deformation. We assumed that α is influenced by the phase shift between stress and strain as, in case of cyclic tension/compression, the hysteretic loss per cycle and per unit volume is influenced by sinδ. Since the tendency of sinδ and tanδ, within the loss factor range measured by DMTA, is similar we used tanδ for comparison with α. Based on these, Equation (8) can be used for a qualitative description of changes in the hysteretic coefficient of friction if α is substituted by tanδ.
Figures 12 and 13 compare the coefficients of friction calculated by FE method and by Equation (12) . As expected, COFs calculated by Equation (12) , in every case are smaller than the ones predicted by the numerical method. In respect of the tendencies, the values calculated by the two different methods are in a good agreement.
Conclusions
1. An FE model has been developed for the prediction of hysteretic friction force in case of a reciprocating steel ball sliding on a rubber plate. 2. It can be concluded that because of the high oscillation in the tanδ curve the 15-term generalized Maxwell-model fitted to the whole frequency range is not able to characterize the timeand temperature-dependent behaviour of the rubber. To avoid this oscillation Maxwell-models with 40-term were constructed. 3. It can also be concluded that, within a certain frequency range, even the 40-term Maxwell-model fitted to the storage modulus master curve under- 
